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ABSTRACT
A solution is found for a line source or sink bensath a free surface, at
4
a unique squared Proude number of 12.622. !
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Gepth beneath the undisturbed level of a fres-surfece. We asewme that the
flov ‘bifurcates’ at s definite poiat somevhere betwess the source and the
wadisturbed free-surface level. The fres-surface at this poiat is owsp-like,
the tip of the cusp pointing toward the source. The model is motivated by
mma-;m.mummaw. e problea
is solved meserically by collocation. A uaique solvtion is cbtaised vhose
cusp 1ies at 74.939% of the Gepth of the sowrce.
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Be Oc Tuoh® and J.~¥. Vanden BDroeck?®®

}. Introduct ion

What is the flow induced by an isolated steady source or
sink beneath a free surface? This simple question does mot appear
to have s simple answer. If the source is & line source of streagth
®, in two-dimensional irrotatiomsl flow of sa incowpressidle iaviscid
fluid of infinite depth, and is situated st submergence K beneath
the undisturbed leve) of the free surface under gravity g, thes
there is only one dimensionless parameter, the (squared) Proude
ausber

" . al/(gn’) (1.1

and ve might expect to find a solution for every value of ¢!,

In fact, the prodles cannot be solved without further
specification of the nature of the free-surface disturbance iamsdiately
sbove the source. Some previous isvestigators [2]1, (3] have assumed
s stagnation point, and have sought results for seall values of ¢!,
Purther studies of this type of flow have been sade recently by the
present awthors, sad will be reported elsevhere. A feature of these
stagnation-point sojutions is the presence of short waves, which
steepen a3 F! incresses, and these solutions seem to be confined
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In the present nete, we investigate s quite different type of
fiev tepalegy, in vhich theve is ne stagaation peist anpbere in the
fiew demain. Instead, the flev M Awestes’ ot o dofinite peint
seundere botueen the souwrce and the wndistusbed free-surface lovel.
The free surface st this peiat is cusp-like, the tip of the cwep
pointing tovard the ssurce. Gisiler tepsiegics hove been ssounsd
ia studies of stystified fNluids of finite dopth, surveyed by isberger (1).

™he prsblen is first given » mthemstical formuistion i
which the tash is reduced to thet of finding & set of resl esefficionts
l, of an iafinite series. These cosflicients ave vequived to bo
sush thet the frec-surfose presours be oqual to stmsepheric. §f
the series is truncated to o finite mumber of torms, and the free-
surface condition enfuresd ot o finite mumber of points, & sat of
ase-1isser algebuvaic equutions can be written dowm, that i prissiple
ensble dotorminstion of b (or any inpwt Promie amber.

uever, no such selations gppeer o o cdtaiasbie Mor @
gemerel isput Proule amber. (mstesd, ve Find thet The cusp:)ike
solution can be obtained eanly if (in effert) the Proude sumber is
slse includes os ens of the winowns of the predien. A mmerieal
prossdure with suth o fosture converged rapidly to the soletion showm
in Pigare 1, vhose Mroude amber is P » 12.022, and heee ousp
Jies ot 74 9300 of the depth of the ssurees.




Bgee )

Sres-curface shape for fiew ot F' + 12.622  The sewrce is
% yo -1.00257, and the fres-ouvfece cusp is ot y * -1.30079,
on the scale of this figwe.
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3. tamervical Solution

1f we force (2.8, 10 hold at some discrete set of values O » o,.
=1,2,....M, with 8, >0 and 0, < ¥. and im addition require
b (2.12) and (2.14) 10 hold, there results a sot of Me2 non-
linear algebraic squations isvolving the Ne¢) coefficients b' .
130,07, .8 Yarious sumerical methods can be used to solve this
st of cqpdlions, bt first we must decide just bhow many of the
oofficionts ave to be considored as ushmowa.

1f the fronde nmber £ 1s prescribed, them (2.6) determines
he leading coofficiont by Ia prisciple, 1t 15 then possible to
treat b b, My, A% aset of N unieouns. However, alf attempts
16 salve INIG systom with ioput by failed. There was soms indication
Wal it 1 0 € by ¢ 1.9, success was near, and it was then suspected
et ¢ wistion Mgt exist only for some specia’! Froude number,
(orvocponding 10 3 »; welue I this rasge. Therefore, the nuserical
réonodntes wory 2l fied (0 allos b, (o be an unknown rather than
W I antity, o (he resull eas inmediate and complete success,
iR ropid Comergeace (e 3 solution at by = 1.84257, i.e. F? « 12.622.

e sctoni AEIRRd weed is @ Yewton iteration, :n which, 1f b.
te 2t appretimation to the Jesited solution, then a better approxisstion
ie b . sa, « where ?m. is obtaiand dv sOlving

»
i IZ*N-] P00, 00, (3.1)
§+®

T or ¢howse WN-1, (5 1) con Do solved subject (o the linear

tonsteeinee (i i3V, (2 1) by ey stendard limear-equstion pachage.

It is sot Jifticult te obtain an evplicit formula for the matrix




element ap/ap, by differentiation of (2.8)-(2.11). Uniformly

spaced 6ll were found to be satisfactory.
The iteration process can be started with guessed values such
a3 bysl.8, by=0.5, by=0.6, b3=-0.1, and all other coefficients zero.
In practice it was found convenient to start with a low value (say 5)
for N, and, once the iteration converged at that N, to use the
resulting coefficients as a starting guess for iterations at a higher
value of N. Convergence is very rapid at any fixed N, no more
then S iterations being ever needed to reduce the maximum value of
P(8,;b) below 107"
Table 1 shows values of by from a run in which N was
successively increased in steps of 5. The final value bp=1.84257
st Ns25 is accurate to at least S figures. Table 2 shows the

coefficients % » 3j=0,1,2,...,10. The free surface is shown in

Figure 1. All computations were carried out on a TRS-80 micro-

computer.




: TABLE 1

N be

S 1.86935
10 1.84223
15 1.84260
20 1.84256
25 1.84257

TABLE 2

b

.

1.84257
0.41325
0.55982
-0.06731
0.01766
.00613
0.00248
-0.00111
0.00053
-0.00027

0.00014
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4, Conclusion

We have provided here both negative (failure to achieve solutions
at general input bo values) and positive (success to high accuracy
with bo as an unknown) numerical evidence that a cusp-like flow
exists only for a unique Froude number, close to F2 = 12,622.

Several questions are raised by this conclusion. If this cusped
solution exists only at F? = 12.622.., what happens at F? = 12 or
F2 = 137 The present conclusion relates only to existence of a steady
flow,and an obvious but hardly satisfying answer to the above question
is that, if the source-like flow is started from rest, a steady state
cannot be achieved if F2? # 12.622... But then, what happens instead
of a steady state?

It is also notable that our present steady results are
independent of the sign of m, i.e. are as valid for sinks as for
sources. In practice, it seems rather more likely that a steady
flow with a downward-cusped free surface could occur for a sink,
than for a source. Although the steady equations are independent of
the sign of m, this is not so for the corresponding unsteady

equations, and it is pussible that the present solutions could be

stable for m < 0 but unstable for m > 0.
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